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Abstract 

We present some partial results on the general infrared behavior of bulk-critical 
1-d quantum systems with boundary. We investigate whether the boundary en¬ 
tropy, s(r), is always bounded below as the temperature T decreases towards 0, 
and whether the boundary always becomes critical in the IR limit. We show that 
failure of these properties is equivalent to certain seemingly pathological behaviors 
far from the boundary. One of our approaches uses real time methods, in which 
locality at the boundary is expressed by analyticity in the frequency. As a prelim¬ 
inary, we use real time methods to prove again that the boundary beta-function is 
the gradient of the boundary entropy, which implies that s(T) decreases with T. 
The metric on the space of boundary couplings is interpreted as the renormalized 
susceptibility matrix of the boundary, made hnite by a natural subtraction. 
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1 Introduction 


In this paper we study the infrared behavior of bulk-critical one-dimensional quantum sys¬ 
tems with boundary. These are 1-d quantum systems whose bulk couplings are at a critical 
point, but whose boundary couplings are not necessarily critical. We would like to show that 
the boundary couplings are always driven to a renormalization group hxed point in the far 
infrared, which is to say that the boundary always becomes critical in the infrared limit. We 
would also like to show that the boundary entropy cannot decrease without limit, but must 
approach some lower bound as the temperature decreases towards zero. Alternatively, we 
would like to understand what kind of quantum boundary does not go to an IR fixed point, 
or does release an unlimited amount of entropy as its temperature goes to zero. We record 
here some partial results which might be useful as steps towards these goals. 

The boundary entropy, s, is the difference between the total entropy and the bulk entropy 
(which is proportional to the length of the system). For critical boundaries, the number 
g = exp(s) is the universal non-integer ground state degeneracy of Affleck and LudwigjTj. 
In jni, we proved a gradient formula 

f)c 

^ = -9a,W\X) ( 1 ) 

which expresses the boundary beta-function, as the gradient of the boundary entropy, s, 
with respect to a certain metric, gab, on the space of all the marginal and relevant boundary 
couplings. The A“ are the boundary coupling constants. The boundary entropy depends 
on the temperature and the boundary couplings, and satisfies the renormalization group 
equation 

so the boundary gradient formula implies that 

f) Q 

= (d^gabfd^ > 0 . (3) 

Thus s{T) always decreases with decreasing temperature, which is to say that the boundary 
entropy always decreases under the renormalization group. The boundary is critical, /3“(A) = 
0, if and only if the boundary entropy is stationary in the temperature, ds/dT = 0. The 
boundary entropy can decrease below zero because the third law of thermodynamics does 
not apply. The boundary is not an isolated system. 

We would like to understand the properties of the boundary in the far infrared. For bulk 
1-d quantum systems, without boundary, the c-theorem[7j gives considerable control over 
the infrared behavior. The c-theorem states that a certain function of the bulk couplings 
decreases under the renormalization group, is stationary if and only if the bulk beta-function 
vanishes, and cannot become negative. This is almost enough to show that the bulk system 
must flow to a fixed point in the infrared. We point out below an additional assumption 
that is needed. 

The generic bulk system has a mass gap, so it flows in the infrared to the trivial c = 0 
fixed point, where no excitations remain. There does not seem to be an analogously trivial 
boundary system. A boundary that flowed to s = —oo, g = 0 might provide a candidate, 
but no such system is known. In every known example, the infrared limit is a non-trivial 
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boundary fixed point and the boundary entropy decreases to a finite lower limit. Nontrivial 
boundary excitations always remain. It can be conjectured that the boundary entropy is 
necessarily bounded below throughout a RG fiow, and that the fiow necessarily ends at an 
IR fixed point, unless some pathologies develop. We would like to understand what technical 
assumptions are needed to prove these conjectures, and what physical principles they express. 

The boundary gradient formula succeeds in excluding some exotic forms of renormaliza¬ 
tion group behavior. For example, limit cycles within the space of boundary couplings are 
impossible. But the gradient formula by itself does not guarantee that the system flows to an 
infrared fixed point. The boundary entropy might decrease without bound, with /3“(A) never 
approaching zero. This possibility could be excluded if we could show that the boundary 
entropy is bounded below (for a given bulk critical system). We are at least able to show, 
under certain assumptions, that j3°‘gabl3^ —> 0 in the infrared limit (see section El). This is 
analogous to what the c-theorem provides in the bulk. It does not establish that /?“ vanishes 
in the infrared limit, just as the analogous bulk result does not, but this is a step in the right 
direction. 

A lower bound on the boundary entropy would also be of interest because it would imply 
that only a bounded amount of information can be added to a given boundary or junc¬ 
tion within a near-critical quantum circuit. Such circuits have been argued to be the ideal 
physical systems for asymptotically large-scale quantum computers|3]. A lower bound on 
the boundary entropy would be a very general constraint on the design of such quantum 
computers. 

There are a number of examples of a lower bound on = exp(s) for boundary conformal 
field theories corresponding to a given bulk conformal field theory. For the compact U{1) 
Gaussian model with target radius R, normalized so that R = 1 is the self-dual radius, the 
lowest value of s corresponds to the Dirichlet boundary condition, sd = — Aln2 — |lnR, 
when R > 1, and to the Neumann boundary condition, sn = —| ln2 -|- | InR, when R < 1, 
so the lower bound on s is — |ln2 — A| lnR|. Glearly, there is no universal lower bound, 
independent of the bulk conformal field theory. 

Another set of examples are the conformal boundary conditions given by the Gardy bound¬ 
ary states in rational conformal field theories jH]. Each Gardy boundary state is labelled by 
a primary field i. We point out in the appendix that the Gardy state with the smallest 
value of s is the one associated with the identity operator, z = 0, so the lower bound on s 
is So = ^ In *S'oo where S'oo is the corresponding entry of the modular R-matrix. In the case 
of the unitary c < 1 conformal field theories, the Gardy states are all the possible conformal 
boundary conditions. For the unitary minimal models with central charge 
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the lower bound is 
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In these examples, one can observe the crucial role of locality in putting a lower bound on s. 
It is the imposition of the Gardy constraint, which is a form of the locality condition, that 
ensures a nonzero overlap g = (R|0) between the boundary state and the conformal vacuum. 

In this paper, we start by arguing that any critical boundary system must have > 0, or 
else the system would not have a sensible thermodynamic limit. We then argue that, for non- 
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critical boundaries, the boundary contribution, 6{t), to the trace of the energy-momentum 
tensor goes to a multiple of the identity operator in the far infrared. We work directly at 
T = 0. Specifically, we show that its connected two-point function in Euclidian time satisfies 

lim r^(6'(r)6'(0))c = 0. (4) 

r—^OO 

We need to assume that, far from the boundary, the bulk conformal invariance is restored 
in a strong sense. The canonical scaling dimension of 6{t) is 1, so equation (Q comes close 
to implying that 6{t) vanishes up to a multiple of the identity operator, which would imply 
that the infrared limit is scale invariant. To hnish the argument, we need that the correlation 
functions of the bulk operators satisfy a cluster decomposition condition in the infrared limit. 
This is essentially the assumption that the infrared limit is a well-dehned boundary quantum 
held theory, in which case the vanishing of the two-point function implies the vanishing of 
the operator. We do not know if our assumption is provable from general principles. If this 
gap can be hlled, then the infrared limit at T = 0 is a boundary quantum held theory with 
6{t) = (6^) 1, which is a boundary conformal held theory. Given the previous argument 
that any boundary conformal held theory has s > —oo, the boundary entropy of the original 
system would be bounded below. 

An analogous gap exists in the argument that the infrared limit in the bulk is always a 
hxed point. An assumption is also needed that the infrared limit is a well-dehned quantum 
held theory, so that the vanishing of the two-point function of the trace of the energy- 
momentum tensor implies that the operator itself vanishes. In the boundary case, the bulk 
operator algebra does not change under the renormalization group, so the situation might 
be better than in the bulk case. This leaves a hope that our results can be strengthened. 

Our second approach is to use real time methods at T > 0. As a preliminary step, 
we re-prove the boundary gradient formula using real time methods, based on the spectral 
analysis of the flow of entropy through the boundary jS]. In this version of the proof, the 
metric Qat is given a physical interpretation. It is the renormalized boundary susceptibility 
matrix, made hnite by a natural subtraction. It can be measured experimentally. We try 
to use the real time formalism to show that ds/dT = I3°'gabl3^/T is integrable with respect 
to T at T = 0. This would imply a lower bound on s. We only succeed in showing that 
Tds/dT —> 0 as T —> 0, which implies that 0. The condition of integrability at 

T = 0 is reformulated as an estimate on the low temperature behavior of a certain spectral 
function, an estimate that we do not know how to prove. 

2 Notations and basic facts 

We will be using both real and Euclidean time descriptions of a one-dimensional quantum 
system. Space-time coordinates are x >0. The boundary is at x = 0. The Euclidean 

time is r = it. The space-time metric is 

(ds)^ = —v‘^{dtY + {dxY = v^{dTY + {dxY 

where v is the velocity of “light”. The system is in equilibrium at temperature T. The 
imaginary time correlation functions are periodic in Euclidean time, with period /3 = 1/T (in 
units with h = k = 1). The normalized equilibrium expectation values are denoted hy {O) ^.q. 
The connected two-point expectation values are {Oi02)c = {O 1 O 2 )eq — {Oi)eq{02)eq- 
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The energy-momentum tensor is Tl^{x,t). Conservation of energy-momentum in the bulk is 
expressed by 

d^TI^{x,t)=0 x>0. (5) 

The Hamiltonian is 

poo 

H =—9{t) + / dxTl:{x,t) (6) 

Jo 

where —6{t) is the boundary energy operator. Energy conservation at the boundary is^ 

dAt)=T:{0,t). ( 7 ) 

The energy density Tf{x,t) is the only component of the energy-momentum tensor that 
has a boundary contribution. See [3] for a more complete discussion of the bulk-|-boundary 
energy-momentum tensor. 

Bulk criticality is equivalent to local scale invariance in the bulk: 

Q{x,t) =Tl;^{x,t) =T^{x,t)+Tl{x,t) = 0 x > 0. (8) 

The trace of the energy-momentum tensor is concentrated at the boundary, 

0(x, f) = 6{x)6{t), (9) 

and can be expanded in the boundary fields: 

9{t) = pyait) (10) 

where the boundary operators 4>a{t) are the relevant and marginal fields localized at the 
boundary. The coefficients /?“ comprise the boundary beta-function. The operators 4>a{t) 
have ultraviolet scaling dimensions all < 1. The boundary coupling constants, A“, are related 
to the boundary fields, (Jait), by 

r)7 

^ = ^ = ( 11 ) 

where Z is the full partition function and z is the boundary partition function. The definition 
of z starts with a system of finite length, L. An arbitrary boundary condition is imposed at 
X = L. In the thermodynamic limit L oo, the full partition function, factorizes into 
a bulk part and a boundary part: 

where c is the bulk conformal central charge and the constants 2 ; and z' are the boundary 
partition functions of the boundaries at x = 0 and x = L respectively. Only the product zz' 
is determined. Unitarity of the quantum system implies that all the products zz' are real and 
positive, for all pairs of boundary conditions. We can take the boundary condition at x = L 
to be the same as the boundary condition at x = 0 (strictly speaking, the CPT transform 
of the boundary condition at x = 0). Then Zl —> \z\‘^. Now we can determine z 

as the positive real square root of |zp. This is consistent, because all the products zz' are 

^In the present paper our conventions differ from the ones in in that the energy-momentum components have canonical 
dimensions, instead of being dimensionless, as in |2|. As a result, extra factors of the RG-scale are present in various equations 

in I2I- 
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positive real numbers. We construct the system on the infinite half-cylinder with a single 
boundary at x = 0 by taking the limit L —> cx), dividing by z’ to eliminate dependence 
on the boundary condition sX x = L. In terms of the bulk conformal field theory on the 
half-cylinder, where the spatial coordinate is vr and the Euclidean time is x/v, the boundary 
condition at x = 0 is represented by a boundary state (i?|, while the “boundary condition” 
at X = L is represented by the bulk ground-state |0), since all the excited states at x = L are 
suppressed exponentially in L. The boundary partition function is the overlap z = (i?|0). 
The logarithm of the full partition function then takes the form 

CTT 

XnZi =—L+ \\iz ( 12 ) 


where ctt is the universal ground state energy density of the bulk conformal field theory. 

The total entropy of the system is S'l = (1 — (3d/d(3)ZL. Removing the bulk contribution 
leaves the boundary entropy 

The boundary entropy is a function of /r/?, where /i is the renormalization scale. It satisfies 
the renormalization group equation 


OfL 


dX^ 




s = 0 . 


(14) 


For thermodynamic quantities, the infrared limit /x —>■ cx) is equivalent to the zero temper¬ 
ature limit T —>■ 0. In this paper, we will avoid writing /x and —>■ oo. Instead, when we 
study thermodynamic quantities, we will take T —>■ 0, and use the second form of the renor¬ 
malization group equation for s. When we study the quantum field theory at T = 0, we will 
take the IR limit by scaling all times and distances to infinity in the correlation functions. 

The boundary beta-function vanishes at a fixed point, so s is then a number, independent 
of temperature: s = In z = hi g. where g is the universal noninteger ground state degeneracy 
of Affleck and Ludwig [Tj. This is the “ground state” degeneracy because, being constant 
in T, it can be evaluated at T = 0. For any finite L, the energy spectrum is discrete, so 
the ground state degeneracy is then an integer. The spectrum becomes continuous in the 
limit L ^ oo, so the numerical factor z = g can be an arbitrary nonnegative number. In 
particular, it is possible to have (7 < 1, s < 0. 

Affleck and Ludwig conjectured that the value of g is larger at the ultraviolet fixed point 
of a renormalization group trajectory than at the infrared fixed point P Ej. This g-theorem 
was proved in [3] by proving the boundary gradient formula, equation (P. The boundary 
gradient formula implies that the boundary entropy decreases with decreasing temperature, 
ds/dT > 0, so the boundary entropy decreases along the renormalization group trajectory, 
so the value of s = In^f at the ultraviolet fixed point, at T = cx), is greater than the value 
at the infrared fixed point, at T = 0. Ordinary entropy in statistical mechanics always 
decreases with temperature, but this is not obvious for the boundary entropy. The total 
entropy Sl of the system of length L does goes down with temperature, trivially, but the 
large bulk contribution, cTrL/Sfd, also decreases with temperature, so it is not obvious that 
the difference, the boundary entropy, decreases with temperature. 
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The metric in the gradient formula is 

/3 /3 

Qab = j dr j dr' (0a(r)06(r'))c 1 - cos ^ (15) 

0 0 
so 

^ = ^ j dr j dr'(0(r)0(r'))c 1 - cos ^ • (16) 

0 0 

Canonical ultraviolet behavior ensures that any non-universal contact terms in the two- 
point function have dimension at most 2. The factor 1 — cos (27r(r — r')//5) vanishes to 
second order at r = r', so no contact terms contribute to the metric. The metric is thus 
hnite and universal, assuming canonical ultraviolet behavior. However, it is difficult to see 
a physical interpretation of the metric when it is written in this form, as an integral of a 
two-point function over Euclidean time. 

Given bulk conformal invariance, the symmetric energy-momentum tensor has only two 
independent components: 

t) = -V^T^{x, t) = Tr{x, t) - Tl{x, t) , 
vTl{x,t) =-vT^{x,t) = TR{x,t)+TL{x,t). (17) 

The bulk conservation law implies that TR{x,t) and TL{x,t) are chiral currents: 

TR{x,t) =Tr{x - vt), TL{x,t) =Tl{x+ vt). (18) 

They are related to the Virasoro operators in the “closed string” channel: 

9_ 

T^{z) = r„( 2 ) = -^T(z) = - gj E , 

^ n=—oo 

2 o 

Tl(z) = r,(z) = ~f(z) = -4 E (19) 

^ n=—oo 

where z = x + ivr = x — vt. The coefficients are hxed by calculating the Hamiltonian in the 
“closed string” channel, where vr is the spatial coordinate and x/v the Euclidean time: 

H,i,,,, = —{Lo + Lo)= / drvT^. 

H Jo 

On the semi-inhnite cylinder, the boundary condition at a; = cx) is the bulk ground state, 
which satishes Lji|0) = Tji|0) = 0, n > —1. This implies that the bulk energy-momentum 
tensor, within correlation functions, decreases at inhnity as 

Tl^{x, r) ~ x^oo. (20) 

Energy conservation at the boundary becomes 

dte{t)=TR{-vt)-TL{vt). (21) 
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Therefore 


e{t) = 


From ©, (HID, m we obtain 


' —OO 

poo 


dt' 

dt' Tiivt') — 


dt' Tiivt') 

-OO 

dt' Tji{—vt'). 


H 



dt Tnivt) 



dt TL^vt) 


( 22 ) 


(23) 


3 Boundary entropy at a fixed point and locality 


We argue that all critical boundaries have g > 0. Suppose otherwise. Then there would be 
a conformal boundary condition given by a boundary state \B) such that g = (0|i?) = 0. 
In this case we should re-examine the L ^ oo thermodynamic limit. The boundary state 
\B) is put at a: = 0. At the other boundary, at a: = L, we put a boundary condition {B'\. 
We choose {B'\ with the property that (i?^|0) > 0 so as to ensure that a conformal vacuum 
remains when we take the limit L ^ oo. The one point functions of bulk operators are then 
defined as 


(0(a;,f)) 


lim 

L^oo 


{B'\e '^'^'''“"^())(a;, f)|i?) 

^ I C~^^closed I 


(24) 


The numerator in this fraction has goes as for large L, while the denominator goes 

as where Ai is the lowest eigenvalue occurring in the action of Hdosed on \B). If 

(0|i?) = 0, then Ai > 0 and the above limit is infinite, which means that there is no sensible 
thermodynamic limit. Alternatively, we could try defining a thermodynamic limit by putting 
the boundary state |i?) on both ends of the cylinder. In the limit L —oo, we would obtain 
finite correlation functions on the infinite half-cylinder, but these correlation functions would 
generically grow exponentially with separation and thus violate cluster decomposition in the 
x-direction. So > 0 for any sensible boundary conformal field theory. 


4 At T = 0, lirriT-^oo t^( ^(r)^(O) )c = 0 

Next, we try to argue that every boundary system flows to an infrared fixed point: a scale 
invariant, conformally invariant boundary field theory. Then, by the argument above, the 
boundary entropy would necessarily be bounded below, because the infrared fixed point 
would have g > t). 

We work directly at T = 0. The Euclidean space-time is the half plane, x > 0, — cx) < 
T < OO. We argue that 

lim |r-r'H0(r)0(r'))c = O. (25) 

|r— t'|—> oo 

Here {6{t)6{t')) c is the zero temperature connected correlator evaluated on the boundary of 
the infinite half-plane. The factor |r — r'p accounts for the canonical scaling dimension of 
0(r). 

If we can assume that the infrared limit is a boundary quantum field theory, then we can 
conclude from equation (EID that 9{t) is a multiple of the identity in that limiting theory, so 
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the infrared limit is a conformally invariant bonndary qnantnm field theory, a hxed point of 
the renormalization gronp. 

The last assnmption, that the infrared limit is a qnantnm field theory, is also implicitly 
present when the c-theorem is used to show that every bulk quantum field theory goes to 
a fixed point (perhaps trivial) in the infrared. The c-theoremj7j implies that the trace, 
0 = T^, of the bulk energy-momentum tensor has a vanishing connected 2-point function in 
the infrared limit. This in turn implies that all correlation functions of the limiting theory 
are conformally invariant. The implicit assumption is that those correlation functions exist 
in the infrared limit. In the boundary case the situation might be more favorable, because 
the bulk operator algebra stays fixed (is not flowing). This leaves a hope that our results 
can be strengthened. 

Our argument is based on the principle that the system should become conformally in¬ 
variant far from the boundary. Consider the quantization in which r is the spatial coordinate 
and X is the Euclidean time (call this the ^-quantization). Space is now the entire real line, 
—oo < T < oo. The boundary condition is represented by a state \B) inserted at x = 0. The 
correlation functions are expectation values of x-ordered products of operators: 


{(f)i{Ti,xi) .. .0„(r„,x„) )b = (O|0i(ri,xi)... 0„(r„, x„)|S) (26) 

where (0| is here the vacuum state, and xi > X 2 > ■ ■ • > x„. The correlation functions are 
normalized, (0|i3) = 1. 

Suppose Q is the generator of a symmetry of the bulk system, specihcally a global con¬ 
formal symmetry. Then (0|Q = 0. It seems reasonable to suppose that 

(O|Q0i(ri,Xi) . . .(()n{Tn,Xn)\B) = 0. (27) 


For the bulk global conformal symmetry group, SL{2,C), we can take Q to be any of the 
six generators 


Qn 

Qn 


— OO 

oo 


dr (x -|- ivT)"'Tji{x + ivr ), 

dr {x — ivrYf l{x — ivr) n = 0,l,2. 


(28) 


J —OO 

We should note that there is a subtlety in the above reasoning. A conserved charge Q is 
dehned as an integral 


+ 00 

Q= [ dr f{T,x) = lim 

I R^oo 


dTf{T,x) 


(29) 


|r|<i? 


where j^{T,x) is the x-component of the corresponding current. Since we have very little 
knowledge of the properties of the state \B) in general, we can worry that the limit R ^ oo 
taken in a correlator 


lim (0| [ dTf{T,x)(j)i{Ti,Xi)...(j)n{Tn,Xn)\B) (30) 

R^oo J 

\r\<R 

might not converge to zero. The problem with this limit could be due to a high density 
of low energy states present in \B). If for some reason the above limit does not converge 


to zero this would mean that the asymptotic symmetry Q is spontaneously broken by the 
boundary condition \B). We will assume that this does not happen or, in other words, the 
charge Q exists and is an asymptotic symmetry in the theory on a half plane with the given 
boundary condition \B). The condition (0|Q = 0, understood in the above sense, implies that 
correlation functions are asymptotically conformally invariant. That is, correlation functions 
containing a commutator [(5,0 (t, x)] asymptotically vanish for x ^ oo. But the condition 
(0|(5 = 0 is stronger. 

At temperature T > 0, the Euclidean time is compact, so there is no subtlety in expressing 
the bulk conformal invariance. In Appendix^we use the bulk conformal invariance at T > 0, 
then take the T —>■ 0 limit, and, assuming that dispersion relations behave in a continuous 
fashion in this limit, we reproduce all the consequences of the (0|Q = 0 assumption that we 
are making here. It cannot be considered as a derivation of the (0|Q = 0 condition, though, 
because the assumption of continuity at T = 0 is essentially as strong as the (0|Q = 0 
condition itself. 

With this assumption, we can write, for any x > 0, 


0 

0 


+ O0 

J dr {x + ivT)^{Tji{x + wt)9{0))c n = 0,1,2 

-OO 
+ O0 

J dr {x — wtY{Tl{x — ivT)6{0))c n = 0,1,2 


or, equivalently. 


0 

0 


+ CXD 

j dTT'^{Tpi{x-\-ivT)0{0))c n = 0,1,2 

-OO 

-\-oo 

j dr r”(Ti(x — iur)6*(0))c n = 0,l,2. 


(31) 


(32) 


Now we consider the spectral representations for the two-point correlation functions. In 
Euclidean time we have 


{Tr{x + ivT)e{0))c 
{Tl{x - ivT)6{0))c 
(d(r)d(O)), 


OO 

^ J da.[d(r)d(a;)-d(-r)d(-a;)]e-"("-*"/^)A,^(a;) 


— OO 
OO 



0 


The boundary conservation equation dZD , written as 


dr0{T) = -i[TR{ivT) - TL{-ivT)], 


(35) 
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implies^ 


^ee{^) — ^ ^ <^) + ^0 l(<^)) • (36) 

We note, though we do not use here, that Tji{x — vt) and TL^x+vt) are self-adjoint operators, 
so _ _ 

= ^eL(—<^) ■ (37) 

and, by reflection positivity, Aqo^uj) > 0. 

The spectral functions Aqr{ijj), Aol^oj) are related to the commutators as 


+ CXD 


H-OO 


AeR{uj)= / dte*‘^'(z[TH(O,f),0(O)])= / dte*‘^*(2[T^(O,f),0(O)]), 


—oo 

H-C50 


AeL{u:)= / dte-*‘^*H[T^(O,t),0(O)])= / dte-*‘^*(-^[Ti(0, f), 0(0)]) (38) 


where the hnal forms of the equations are consequences of the chirality of the energy- 
momentum currents, equation m, and causality (the vanishing of equal-time commutators 
at nonzero separation). It follows from the hnal forms of equations (I38jl that the spec¬ 
tral functions Aqr^uj) and Aqr^uj) are analytic in the upper half complex plane. Again, 
we note but do not use here that energy conservation at the boundary combined with the 
bulk equal-time commutation relations of the chiral energy-momentum currents now imply 
A0r{uj) = Aol{u!), so Aeo{ui) = (2/a;)Re Aei^(a;). 

The conformal invariance of the bulk vacuum at large x, expressed by equations (IH^ . is 
equivalent to 


H-C50 


+ 00 


0=y da;e'‘""/"a;-"-%R(a;) = j du , n = 0,l,2. (39) 

— OO —OO 

It follows from (EZD and (El that 


H-OO 


0 = / dtouj /v)YieAQii{(jj) + qos{(jJX/ v)luiA0^{u ))]. 


(40) 


This implies that the functions 'KeAeRiui)/uj"^ and ImAQR^uj )/are integrable at a; = 0. 
This implies in particular that 


luiAoR^uj) 
hm-r-= 0 . 

Also, taking x — 0 in El, we obtain a sum rule 

+00 

./ a;'* 


(41) 


(42) 


^In deriving this equation from the boundary conservation equation one uses the fact that the correlator {6{r)6{r'))c vanishes 
for large separation and hence there cannot be a term proportional to 5(a;) in the spectral function 
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The just derived integrability properties of Imy4e/{(a;) and Re 745 )/{(a;) at a; = 0, and canon¬ 
ical UV behavior, and analyticity in the upper half plane allow one to write the following 
subtracted dispersion relations 


ReA0ij(a;) 

a ;2 

ImAeniuj) 


+ CXD 




linAeR{T]) 


7]^ 


V 


+ 00 




ReAenir]) 

772 


V 


rj — uj 
1 


rj — u 


(43) 


for a; 7 ^ 0. The integrability of RnAeR^uj )/at a; = 0 allows us to take the limit a; —>• 0 of 
the hrst dispersion relation in in a straightforward way and we obtain 


Re74eR(a;) 
hm--- 


H-C50 

1 f liLnAgn{T]) 



— 00 


This equation together with the sum rule (11^ and equation m imply that 


lim 


Aeniuj) 




0 . 


(44) 


By the same argument, 


Therefore by (PK|) 


lim4££M = 0 . 




lim MA = 0 

UJ 


(45) 

(46) 


which in turn implies (I 2 ni), which was to be shown. 

Noting that 6{t) has a canonical scaling dimension 1, we infer that in the infrared limit 
/i —>• cx) the two-point function at hand goes to zero: 


hm (6'(r)6'(0))c = 0. (47) 

^00 

In a quantum field theory, a local held with vanishing two-point function annihilates the 
ground state, and therefore has vanishing correlation functions with all other helds. Thus, 
if we can assume that we obtain a local boundary quantum held theory in the infrared limit 
p —>■ cx), and if we can assume that 


(O|Q0i(ri,Xi) . . .cj)n{Tn,Xn)\B) = 0 

for all the bulk global conformal symmetries Q acting far from the boundary, then we can 
conclude that the limiting theory in the infrared has to be conformal, with a hnite boundary 
entropy. In such cases (when locality is preserved all the way to the far infrared) the boundary 
entropy stays bounded from below. 
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5 Proof of the gradient formula in the real time formalism 

Here, we will use the machinery of real time spectral analysis for equilibrium boundary 
quantum held theory in 1 +1 dimensions, as developed in j3]. Using the real time formalism, 
we will re-state the proof that ds/dT > 0 and the proof of the gradient formula for the 
boundary beta-function, ds/d\^ = —Qab^^- The Riemannian metric on the space of boundary 
couplings, QabW, is Xafe(0)/T, the renormalized static susceptibility matrix of the boundary, 
divided by temperature. The dynamic susceptibility matrix of the boundary, is 

renormalized by natural subtractions in such a way that the static susceptibility matrix, 
Xab{0), remains positive. 

The hrst step will be to show that 

^ =-T-2lmF'(0) (48) 

dT 2 ^ ^ ^ 

where 

/ CO 

dt + TR{vt), 0(0)] )e, . (49) 

■OO 

This is a Kubo formula for the change in the boundary entropy in response to a local change 
in the temperature at the boundary. The response function F{lj) is analytic in the upper 
half-plane. On the real axis, —ReF(a;) > 0. 

The second step is to show that ImF'(O) > 0, and therefore ds/dT > 0, by deriving a 
dispersion formula for ImF(a;) in terms of ReF(a;). The naive, unsubtracted dispersion 
formula is divergent, because F{uj) can grow as fast as uj for large ut, by canonical dimensional 
analysis in the ultraviolet limit. Fortunately, bulk conformal invariance will imply a vanishing 
formula, F{i2'KT) = 0, which gives a natural subtraction point. The subtracted dispersion 
formula converges as long as the ultraviolet behavior is canonical (as long as the system 
approaches a renormalization group hxed point in the ultraviolet). The subtracted dispersion 
formula will still imply ImF'(O) > 0, and therefore ds/dT > 0. 

Equations iHD-dinD were derived in Ref. j3] by considering the flow of entropy in real time, 
in and out of the boundary, in analogy with the flow of electric charge in an electric circuit. 
The flow of entropy is described by an entropy current operator, which is just the energy 
current divided by the temperature. The right-moving entropy current operator is the right- 
moving energy current divided by temperature, JlIx, t) = Tr{x, t)/T. The boundary entropy 
“charge” operator is qs{t) = ~(^{t)/T. The Kubo formula for the entropic “admittance” of 
the boundary was written, using the chirality of the bulk entropy currents, 

/ OO 

dte-^‘^^{t[jL{0,t), -qsm)e,- (50) 

■OO 

The entropic “capacitance” of the boundary is 

(j c 1 

^ = lim-Ys{u) = lmY/{0). (51) 

dl too 

These are exactly equations since T ^F(a;)/2 = Ts(a;). Here, we derive equa¬ 
tions directly. 

The proof is based on the following assumptions: 

1. There is a local, symmetric energy-momentum tensor Tl/{x,t), 
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2. The system is locally scale invariant in the bnlk. The trace of the energy-momentnm 
tensor vanishes in the bnlk, = 0. 

3. The bnlk system is conformally invariant. The bnlk gronnd state in the “closed” channel 
is annihilated by the Virasoro operators Lq + Lq and Li + Li. 

4. The system exhibits canonical scaling behavior in the nltraviolet (goes to a renormal¬ 
ization gronp fixed point in the nltraviolet). 

5. The system is in equilibrinm at temperatnre T. Eqnilibrinm expectation valnes of 
commntators of local operators, ([(9i(fi), 02 (^ 2 )] )eq, go to zero at large times, ti —^2 —^ 

±CX). 

6. The Fonrier transforms 

j dt e-*“^*([Oi(fi), 02{t2)])eq 

are smooth fnnctions of the freqnency to, for any local operators Oi{t), 02 (t). 


5.1 The Kubo formula for ds/dT 

The bnlk energy density operator is [v~^Tfi{x — vt) +v~^TL{x + vt)] and the boundary energy 
operator is —0{t), so the thermodynamic energy of the full system (of length L) is 

-^\nZ = {H)eq = + [ dx [v~^Tr{x - Vt) + V~^Tl{x + Vt)])eq . 

op Jo 


The equilibrium expectation values {Tr{x — vt) )eq and {Tl{x -1- vt) )eq are constant in x 
because they are independent of time, so {v~^Tji{x — vt) -f v~^Tl[x -|- vt) )eq is the bulk 
energy density, c7rL/6(3‘^, which is determined by bulk conformal invariance up to the value 
of the bulk conformal central charge, c. The difference between the total thermodynamic 
energy and the bulk energy is the thermodynamic boundary energy: 

The boundary entropy is given by formula m- Thus we have 


ds 


ds 


.0 


Approximate the Hamiltonian by introducing an arbitrary cutoff point xi > 0: 


fXi 


H{xi,t) = —6{t) + / dx [v ^TR{x — vt)+v ^TL{x + vt)]. 
Jo 

Approximate fJH by integrating over imaginary time, r = it, from 0 to /9: 


(JH 


dt iH{xi,t) . 


(52) 


Then 


= lim 

01 Xl^OO 




dt {-i){H{xi,t)9{0))c. 
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In fact, there is no dependence on xi, because 


d 




dxi 


dt {H{xi, t) 0(0))( 
—10 


= dt {[v Tji{xi-vt)+v Tl{xi +vt)]6{0))c 
Jo 

which is zero because the rhs, evaluated in the “closed” channel where x is imaginary time, 
is a matrix element of the Virasoro operator Lq + Lq between a boundary state and the bulk 
ground state, and the bulk ground state is annihilated by Lq + Lq. Therefore, for any xi > 0, 


ds 


—i0 




dT 


(53) 


'0 


Now deform the contour of integration in the standard way to obtain the Kubo formula: 


ds ^2 

_ _ rp — Z 

&r 


r0—if3 
’ —oo—i(3 


dt (—i){H{xi,t)9{0))f 


-0 


= T 


-2 


dt {i[H{xi, t), 0(0)]) 


eg ■ 


(54) 


This is the Kubo formula for the entropic “capacitance” of the boundary, which was derived 
in [Sj as the infinitesimal change in the entropic “charge,” —6{t)/T, produced in real time 
by an inhnitesimal change in the entropic “potential” of the boundary. 

The integrand in the Kubo formula is a distribution in t. In the derivation, the contour 
deformation in the complex time plane is justihed by Gauss’ law for distributions, applied on 
the region —ifj < Imt < 0, Ret < 0. The integral over the boundary of this region vanishes. 
The boundary integral can be separated unambiguously into two parts — the integral over 
the imaginary t axis from 0 to —ifJ, and the rest — because the integrand is an ordinary 
function near t = 0 and near t = —ifj. In general, equilibrium expectation values satisfy 


(R(xi,t - t^) 0(0) )eg = (0(O)R(xi,t))e, 


but here, 

([R(Xi,t), 0(O)])e, = ([R, 0(O)])e, = O 

for all real t in the range —Xi < nt < Xi, by causality. It takes at least time Xi/v for 
any effect of the cutoff at Xi to reach the boundary, or vice versa. Therefore the integrand 
in the Kubo formula is identically zero near t = 0. The equilibrium correlation function, 
( H{xi,t) 0(0) )eq, is periodic on the imaginary t axis, with period ifJ, without singularity at 
t = 0 or t = i/J. 

A second Kubo formula is obtained by deforming the integration contour in equation (jsni) 
to positive times: 

ds 


5.2 Using chirality of the energy cnrrents 

Local conservation of energy implies 

dtH{xi,t) = -Tr(xi - vt) + Tl{xi + vt) , 
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thus 

ds 

= / dt / dt'{i[-TR{xi-vt')+TL{xi+vt'), e{0)])eg . (56) 

The boundary term at t' = —oo can be neglected because equilibrium expectation values of 
commutators of local operators decay to zero at large times. Now use the chirality of the 
bulk energy currents. For all t' < Xi/v, 

{ [Tji{xi - Vt'), 0(0)] )eq = { [Tr{Xi - Vt', 0), 0(0)] )eq = 0 


as an equal-time commutator of spatially separated operators. Therefore 

ds 




dT 


j dt [ dt' {i\TR{xi-\-vt'), ^( 0 )]) 

' —CO J —OO 

/ dt' / dt {i[TL{xi+vt'), e{t))])^g 
’—CO J 

[ dt' {-t'){i[TL{xi+vt'), 9{0)])eq 

' —oo 

/ oo 

dt' {-t'){i[TL{xi+vt'), 0(O)])e5. 


eq 


(57) 


In the last step, it makes no difference to extend the time integral to -|-cxd, because, for all 
t' > —xi/v, 

{ [Tl{Xi + vt'), 0(0)] )eq = { [Tl{Xi + vt', 0), 0(0)] )e, = 0 

as an equal-time commutator of spatially separated operators. Next, change the integration 
variable to t = t' — xi/v, obtaining 

= y dt {-t + Xi/v){i[TL{vt), 0(0)] )e 5 . 


The term proportional to Xi vanishes by (I2S1) thus 


(9s /■°° 


In terms of the response function 

Fdov) = 




(58) 


(59) 


= r'K (0). 

er ' 


(60) 


Fiiuj) is analytic in the upper half-plane because the commutator vanishes for all f > 0, by 
the chirality of the energy current. 

By similar reasoning, the second Kubo formula, equation dsni), becomes 


(9s /■°° 

/ *t(-i[r„(o,t). 9(0)])„. 


(61) 
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In terms of the response function 


Fniu;) = / dt e“*( -*[T«(0,t), 0(0)], 

J —OO 

= r'F;,(0). 


(62) 

(63) 


Fniui) is analytic in the upper half-plane because the commutator vanishes for all f < 0, by 
the chirality of the energy current. Finally, dehne 

F(a;) = ^^(a;) Fr{u;) 


dt 


i[TL{vt)-TR{vt), 0 ( 0 )]) 


eq 


(64) 


SO 




(65) 


5.3 Properties of F(a;) 

1. F{uj) is analytic in the upper half-plane. 

2. F{uj) = F{—u)). 

3. F(0) = 0. 

4. T2§ = llmF'(O). 

5. F{u})/u}‘^ —>• 0 as a; —>• ±cx). 

6. ReF{u;) = df e—[0(f), 0(0)] )e,. 

7. —Re F{u}) > 0 for all real u. 

8. F(i27rT) = 0. 


F(a;) is analytic in the upper half-plane because both Fl{uj) and Fr{uj) are. F{uj) = 
F{—0) because TR{x,t), TR{x,t) and 0(f) are self-adjoint operators. Property |21 implies that 
F'(0) is imaginary, so T'^ds/dT = ImF'(0)/2. F(0) = 0 by equation F{ijj)/uj‘^ —> 0 
as a; —cx) by canonical dimensional analysis in the ultraviolet limit. TL{x,t) and TR{x,t) 
each has scaling dimension 2, while 6{t)dt = j3°‘(f)a{t)dt goes to zero in the ultraviolet limit, 
assuming that the system goes to a renormalization group fixed point in the ultraviolet. For 
property El evaluate 


ReF(a;) = Re / df e-*‘"*(*[Ti(0,f) - Th( 0,f), 0(0)] 

J —OO 
poo 

= Re / df e-*‘"*(*[-0'(f), 0(0)] )e 5 


df e-*“*o^([0(f), 0(0)] )e,. 
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For property [ 7 [ define the operator Fourier modes 


satisfying 

Then we have 
Next note that 
thus 
which implies 

Finally, for property |H1 write 


e{uj) = dt e“*0(t) 

J —oo 

e{ujy = e{-uj) 

[H, 9{uj)] = —uj9{uj) . 

+ a;)Rea;“^F(a;) = ([0(a;'), 9{uj)] )eq ■ 

{[9{J), 9{u ;)]= (1 - e^-) {9{u;') 9{u;) 

27r5(a;' + a;)Reo^-iF(a;) = (l - e^‘^) ( 9(uj') 9{u;)) 

— ReF(a;) > 0 . 


eq 


SO 


[Ti(0,t), 0(0)]),, = — du;{[TL{0,t), 0>)])e, 


(l-e^")(Ti(O,t)0(a;)) = ([T,.(0, t), 0(a;)] )„ 

(r^(O,t) 0 >)), = e*‘^*(l-e^-)“'(-*)Fi(a;) 


and therefore 


(Ti(O,f)0(O))e = — / due 


iujt Fl{uj) 
1 - e^‘^ 


We next Wick-rotate to imaginary time r = if, for 0 < r < (3, to get 


{TL{0,-tT)9i0)), = —J dud 


- Fl{u) 
1 - e^^ 


(66) 


(67) 


( 68 ) 


(69) 


Deform the contour of integration into the upper half-plane, picking up the residues at the 
thermal poles: 


{Tl{0,-Zt)9{0)),= 

^ n=l 


(70) 


where 


^n, — 


27rn 

T 


Then, by chirality of the energy current. 


-1 


{Tl{x - ivr) 0(0) )e = — 

n=l 


(71) 


17 





Similarly, also for 0 < r < /?, 

{rK(0.-*r)»(0)>,= ^|<i.e-^^^ (72) 

SO 

-| oo 

( Tr{x + ivr) 0(0) )c = ^Yl • (73) 

Setting n = 1, 

F(tiO,)^j{K,{x)e{0))., (74) 

where 

_n pv0 

Ki{x) = ^j dy [e‘^i("-'^)/^T^(a; - iy) + e^^d^+^y^/^Tnix + ty)] . (75) 

In the “closed” channel, where x is imaginary time, Ki{x) is the Virasoro operator Li + Li. 
Therefore, in the “closed” channel, F{iuji) is a matrix element of Li + Li between a boundary 
state and the bulk ground state. Global conformal invariance of the bulk system implies 
that Li + Li annihilates the bulk ground state in the “closed” channel. Therefore F{iu}i) = 
F{2m/(3) = 0. 


5.4 Subtracted dispersion formula for ImF'(O) 

The vanishing formulas, T"(0) = F{2'Ki/j3) = 0, allow writing 


1 

The integral converges, because F{ui)/uP —>■ 0 when uj —»• ±cxo. Take the imaginary part to 
get the dispersion formula 


UJ — Tj — le 


UJ + T] F ie 
uj"^ + uj\ 


uj-^F{uj) . 


1 /■°° 

lm.ri~^F{ri) = — duj 

J—oo 


V 


UJ 


V 


UJ Fr] 

uj'^ + ujf 


[-a;-^ReF(a;)] . 


(76) 


Take 0 to get 


ImF'(O) 



—ReF(ci;) 
a;2(l + a;rV) ' 


(77) 


Thus ImF'(O) > 0. Equality, ImF'(O) = 0, is possible only if ReF(ci;) = 0, which implies 
F{uj) = 0. It follows then from equation ()5.3jl that 9{uj) is proportional to 5(a;), which 
implies that 6{t) is a multiple of the identity. This means that the boundary held theory is 
scale invariant. Therefore ds/dT > 0, with equality if and only if the boundary held theory 
is scale invariant. 


5.5 The gradient formula 

Calculate 

daS = da ^ 
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= (l-/3^)(Wa(0)>„ 

= l3^Hct>M)c 

n-ifi 

= f3 dt i{H{xi,t)(j)a{0))c 
Jo 

where the last expression is independent of Xi and the resnlt is thns exact, as before. 
Deform the integration contonr to negative times to get 


( 78 ) 


-Td„s = 


^•0-2/3 


— OO j —00 — 2/3 


dt i{H{xi,t) (/)a(0) )< 


-0 


' —OO 

/•O 


dt {i[H{xi,t), (/)a(0)] )c 

) 

dt [ dt' {i[TL{xi,t')-TR{xi,t'), (j)a{0)])c 


’ —OO 

rO 


*-‘na(0) 


' —OO 
• —1 77' 


where 


FLa{(^) = 


dt e-“*(z[Ti(0,t), 0,(0)]) 


eg ■ 


(79) 


(80) 


The spectral fnnction F^ai^) is analytic in the npper half-plane. Equation (|HU|) is a Kubo 
formula giving the response of the boundary helds to a local change of temperature. 

A second Kubo formula is obtained similarly by deforming the contour to positive times: 


- Td,, = 


where 


FM = / dt (-*)[TH(0,t), 0,(0)]. 

J —OO 

F^{uj) is analytic in the upper half-plane. Dehne 

Fa{^) = FLa{^) + F 

1*00 

= / dt e-'‘^^{z[TL{vt) - Tnivt), 0,(0)]) 


eg 


SO 


Td^s = -r‘F:(0). 


Fa(uj) satishes 


(81) 

(82) 


(83) 

(84) 
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1. Fa{uj) is analytic in the npper half-plane. 


2. Fa{uj) = Fa{-Uj). 

3. Fa{0) = 0. 

4. -TdaS = |lmF'(0). 

5. Fa{i2TiT) = 0. 

6. = F{u;). 

7. ReFa{u;)=Ke cit e—[0(t), 0^(0)] )e,. 

8. ReFa(a;)/a;^ —>• 0 as a; —>• cx). 

Properties ITIIHI are derived just as for F{ui). Property IHl follows from 6{t) = P°‘(f)a(t). For 
property m evaluate 


ReFa(a;) = Re 
= Re 
= Re 


dte-^‘^^{t[TL{0,t)-Tn{0,t), 0,(0)]) 


eq 


' —oo 
poo 


0 ,( 0 )]) 


eq 


’ —oo 
poo 


dt e [e{t), 0,(0)]) 


eq 


( 86 ) 


Property IHl follows from property [7| and canonical scaling in the ultraviolet, since the bound¬ 
ary operators, (j)a{t), all have scaling dimensions < 1, and 9{t)dt vanishes in the ultraviolet 
limit. 

As before, the vanishing formulae allow writing a subtracted dispersion formula: 


1 F 

lYnrj-^Fairi) = - 

TT J-c 


duj 


V 


OJ Fr] 


uj — 7] J o;^ -f- tnf 


[—a; ^ReF,(ci; 


where uji = 2nT. Take 77 —>■ 0 to get 


1 /■" 

ImF;(0) = - / 

’T J-, 


duj 


-ReF,(cn) 


a;2(l+a;0V) 

Now use property [7| and the identity 6{t) = 0“0,(f) to write 

- ReF,(a;) = Rea;G,b(a;)0'’ 

where 

/ OO 

dt [ - 0b(t), 0,(0)] )eq . 

-OO 

In terms of the operator Fourier modes 

poo 

= I dt e'"Vo(() , 


( 86 ) 

(87) 

( 88 ) 

(89) 


); 0a(^)] ') eq 27r(5(u.^ -|- UJ^Gabi^^') 
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so 


(90) 


()c = 2ttS(ui' + 

Therefore 


1 . Gab{^)/^ is a nonnegative hermitian matrix, 

2 . Gab{—^) = —Gabi^), 

3. Gabi,—^) = —Gbai,^)- 

The dispersion formula for ImF^(O) becomes 


ImF:( 0 ) 


1 /•“ IieGab{uj)fi^ 

^ 7-^0 w(i + 


(91) 


which is the gradient formula, 
with 


QabP 


T Qab = - / diO 

27r 


Ihe Gabi}^^ 
uj{l + 


(92) 


being a positive symmetric matrix, a Riemannian metric on the space of boundary couplings. 


5.6 The renormalized boundary susceptibility matrix 

Formally, the dynamic susceptibility matrix is given by the Kubo formula 

Xab{(^)= df - 0fe(t), 0a(O)] )e, (93) 

J —oo 


however the integral diverges at t = 0. The unrenormalized boundary susceptibilities are 
divergent. The Fourier transform of the formal Kubo formula is 


Xah{ri) 


27r u-rj-ie 


(94) 


which diverges, in general, since Gab{<^) can grow as fast as uj for large uj. Renormalizing 
the boundary susceptibilities requires two subtractions: a constant subtraction and a linear 
subtraction, proportional to 77 . A renormalized dynamic susceptibility matrix is dehned by 

xr('() = ^ 

The subtractions are chosen so that XaTi^) be compatible with the natural susceptibil¬ 
ities Faioj) and F{u): 

Fa{uj) = Xab{uj)p^ 

F{u) = Xab{oo)P^P^. 


\u — f] — le 


u + T] + ie 


Gabi^) 


(95) 


Fa{ui) and F{uj) are natural in the sense that they are constructed without arbitrary sub¬ 
tractions, in terms of the chiral energy currents outside the boundary, x^b^i^) is a dynamic 
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susceptibility matrix in the sense that (1) it is analytic in the upper half-plane, (2) it satishes, 
on the real axis, 


x7b^i^) - XlTi^) = iGabiuj) = dte {i[- 0a(O)]) 


eq 


and (3) its static limit. 


.\r(0) = , 


(96) 


is a positive symmetric matrix. The metric Qab on the space of boundary couplings is the 
renormalized static susceptibility matrix for the boundary, divided by the temperature. 

5.7 The imaginary time formula for the metric 

The imaginary time formula for the metric Qab is |S1 


Tgab= / (ir {.^ j (-! t ).#>„( 0 )) c |1 -cos(ig,r)| . 


(97) 


From equation dnoD, 


and therefore 




Tgab = 


1 


duo 


Gab{^) 

QfSug _ I 


r0 

r 1 . 1 ■ 1 

/ dre^^ 


lo 

2 2 


1 f , Gab{^) 


which is exactly equation (P|) for Tgab, since Gab{—^^) = —Gabij^)- So the real time and 
imaginary time formulas for the metric gab are equivalent. 


6 Estimate on ds/dT using dispersion formula 


Combining formula (jnsi) with the dispersion relation (HID we can write 

CXD 


f ^ -ReF{uj,T) 

dT "" J u^iAir^T^ + u^)' 


— OO 


(98) 


Here we included the temperature argument in the notation of the response function: F{u}) = 
F{u},T). By property 2 from section the function ReF(a;,T) is even on the real axis. 
Since F(0,T) = 0 (property 3) the integral on the right hand side of is well dehned for 
T > 0. In the limit T —0 however the poles at a; = 0 and to = FiuJi coalesce. To separate 
the dangerous part we rewrite the right hand side as 


OO 9 

ds _ -ReF{uj, T) + ^^ReF"(0, T) 

— - 71 J du a;2(4;r2T2 + a;2) 


TT 


F"(0, T). 


(99) 


22 











( 100 ) 


Here the integral on the right hand side converges as T —> 0 to a constant 

+ CO 

f =—271 j duj'R,eF{uj,Q)V 

— OO 

where V (^) is the standard (even) distribution regularizing the function l/o;^. The hrst 
term in (H) is therefore integrable at T = 0. 

Let us look now at the second term on the right hand side of (jnni). By comparing formula 
(ESI) with the T —> 0 limit of formula dZSD we obtain 

Aeniu) = - ^mFniuj,T). ( 101 ) 

It follows then from that 

limF"(0,T)=0 (102) 

T^O 

However general analysis stops here as we have no control in general over how fast F"{0, T) 
vanishes as T —0 and thus cannot conclude whether 

ReF"(0,T) 

T 

is integrable in a neighborhood of T = 0. 

Equation (nni implies that Tds/dT —> 0 as T ^0. Note that in deriving this we used 
in the essential way the consequences of the bulk conformal invariance on a half plane, that 
is the condition (0|Q = 0 discussed in section 4. 

Although the above manipulations do not lead to demonstrating the boundedness of s 
they boil down the problem to having an estimate on the zero temperature limit of -E"(0, T). 
For models possessing an asymptotic power expansion at small temperature (such as e.g. 
the Ising model with a boundary magnetic held) the existence of a lower bound on s follows 
from (jnni), ()102j) . 

Acknowledgments 

We are grateful to Gregory Moore for useful discussions. This research was supported in 
part by DOE grant DE-FG02-96ER40949. 



A {99)c decays at infinity from bulk conformal invariance at T > 0 

From dH and d we obtain 


27r 


- —= y dre2™"/^(T^j(a: + zr)0(O)) 


eq 


+ CXD 




271 


0 
+ 00 


(g-/3t*; _ 


27r 


u 

(ci; — 27Tin/l3) 


(A.l) 
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where on the left hand side (0| is the conformal bnlk vacunm, \B) is the bonndary state 
representing onr bonndary condition on a cylinder of circnmference /?. Here we use a repre¬ 
sentation for correlators corresponding to quantization with x being a Euclidean time. Since 
(0|L„ = 0 for n < 1, we have 


H-OO 


=0, n<l,a:>0. 

(a; — 2mn/ jj) 


(A.2) 


Taking an appropriate linear combination of the above equations with n = —1, 0,1 we get 

+ 00 

(A.3) 


= x>a. 


The limit x ^ 0 gives a sum rule 


H-C50 


dw 


Fr{uj) 


+ dvr^/ (3‘^) 


= 0 , 


(A.4) 


As proved in section 5, the function 'ReFji{u}) is even on the real line and the function 
ImFR(a;) is odd. Thus equation (US implies that 


+ 00 


[cos(a;x/n)ImFR(a;)-f-sin(ci;x/n)ReFR(ci;)] 


(A.5) 


for a; > 0. The spectral function Fr{uj) = Fr{uj,T) is related to the zero temperature 
spectral function as in (nnn) 

hmFR{uj,T) = -AgR^uj). 

Thus in the limit T —>■ 0 equations ()A.5|1 (assuming the limit commutes with the integration) 
imply that the functions \t[iAro{ui )/and BeARgiui )/are integrable at a; = 0. 

We did not use here the analyticity of Fr{uj) in the upper half plane. That and the sum 
rule (HH) imply that FR{i2nT) = 0. This zero can be considered as the sole manifestation 
of the conformal invariance at T > 0. Another zero is situated at a; = 0. This allows us to 
write a subtracted dispersion relation 


KeFR^uj) 

-I- dvr^Z/d^) 


ImFR(a;) 


+ 00 

J_ f IhiFbM 1 t 

2 ir J ' (1,2 + 4 irV; 32 ) \r, - u, j ’ 

—oo 

H-OO 

-i_ f dri .AAsAB-p ( 

2 vr J {rj'^ + Att'^/ \ri — oo J 

— OO 


(A.6) 


As T —>■ 0 these dispersion relations at least formally (more on this below) go into the disper¬ 
sion relations (01 and the sum rule (jA.dfl goes into the sum rule (021) • If was demonstrated 
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in section 4 how the last two imply (14411 . Analogous considerations hold for Fiiuj) and imply 

(US)). 

It should be stressed that in all these manipulations it is implicitly assumed that taking 
the limit T —> 0 commutes with integrations in dispersion relations. Or equivalently that 
the dispersion relations for T > 0 go to those at T = 0 in a continuous fashion. It could 
happen that there are singularities of Fr{u!) in the lower half plane that approach a; = 0 as 
T —>■ 0. The above conclusions for the behavior of A 0 ^{uj) at zero then would be incorrect. 
The continuity at T = 0 of the above equations is essentially equivalent to the condition of 
the asymptotic conformal invariance on a half plane (0|(5 = 0 discussed in section 4. 

To conclude we see that, assuming the just discussed continuity at T = 0, the hnite T 
conformal invariance implies formulas (HD), (HSl) and, as a consequence, the vanishing of the 
{6{t)6{t'))c correlator in the infrared. 


B A lower bound on boundary entropy of Cardy states^ 


For rational conformal held theories there is a set of local conformal boundary conditions 
that preserve the chiral algebra in the most straightforward way - Cardy boundary states. 
These boundary states are constructed via the modular S-matrix Sij as 


j 



\J)) 


where \j)) are Ishibashi states. (Note that in the proof of the Verlinde formula one shows 
at an intermediate step that Sqj > 0 and thus the division makes sense.) The boundary 
entropies of the Cardy states are 


9i = (0|f) 


^*0 



We are going to show that 

Qi ^ go = \/Soo ■ (B.l) 

The S'-matrix entries Sij can be considered as a collection of common eigenvectors of the 
fusion matrices. By the Perron-Frobenius theorem there is a unique a common eigenvector 
whose set of eigenvalues consists of a maximal eigenvalue for each fusion matrix. It is uniquely 
characterized by the property that all its entries are positive. Since Sqj > 0 this eigenvector 
corresponds to the zero weight and the corresponding collection of maximal eigenvalues is 


A' 


Sqo 


On the other hand, the inequality inni translates into 


Sio > 5*00 


that is what we need to prove that the maximal eigenvalues of the fusion matrices are all 
greater or equal to one. To this end we note that the dimension of the Friedan-Shenker vector 

^The contents of this appendix grew up from discussions of A. K. with G. Moore 
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bundle ^0] over a genus g Riemann surface with n punctures in representations R,..., is 
given by the formula [S] 

dimH(E,; .... (PnM) = ^ 

For g = 1 each summand is a product of all eigenvalues of the ifc-th fusion matrix. Since the 
number of punctures and the weights can be arbitrary and the left hand side of the above 
equation is a natural number we conclude that the maximal eigenvalues have to be greater 
than 1. This concludes the proof of (EH). 
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